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ON TRILINEAR OSCILLATORY INTEGRALS 



MICHAEL CHRIST AND DIOGO OLIVEIRA E SILVA 



^^ . Abstract. We examine a certain class of trilinear integral operators which incorporate 

^N ' oscillatory factors e'^, where P is a real- valued polynomial, and prove smallness of such 

' ~~j integrals in the presence of rapid oscillations. 
P ■ 

C^ ! 1. INTRODUCTION 

This note continues the study of multihnear oscillatory integral expressions of the form 

rj : /(AP; /i, . . . , /n) = / e*'^(^) n f^ ° ^jixHx)dx, 

. , ^K™ 7-1 

jrt I where A G M is a parameter, P : W^ — ?• M is a real-valued polynomial, ttj : M™ — ?> Vj are 

orthogonal projections onto some subspaces Vj of IR'", fj : V^- ^- C are locally integrable 
functions with respect to Lebesgue measure on Vj, and ry G Cq(M'") is compactly supported. 
All the subspaces Vj are assumed to have the same dimension, which is denoted by k. 

^ . Christ, Li, Tao, and Thiele [5] initiated this study, exploring conditions on the polynomial 

lO ! phase P and on the projections {ttj} which ensure decay estimates of the form 

^, ; (1) |/(AP; fi,...,fn)\< C{X)-^ n Wfjh-iv,)- 

t^ ■ i=i 

Their results were restricted to the comparatively extreme cases k = 1 and k = m — 1, and 
the small codimension case n < ^^^r, leaving most cases open. 

In the present paper we consider the trilinear situation in M™ = M?'^ for arbitrary k >2. 
A typical expression of this type is then 



I{P\hJ2,h)= If e*^(^'^)/i(x)/2(y)/3(x + y)7?(x,y)(ix(i2/, 

with coordinates (x,y) G M""'"''. Before stating our main theorem, we introduce some 
notation and recall relevant results from the literature. 
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2 MICHAEL CHRIST AND DIOGO OLIVEIRA E SILVA 

1.1. Review. Let d> 1 be a positive integer, and let {ttj}^^^ be surjective linear mappings 
from M^'^ to M'^. A polynomial P : M?'^ — ?> M is said to be degenerate (with respect to the 
projections {ttjIj) if there exist polynomials pj : M*^ — >■ M such that P = "^j^iPj o ttj. 
The vector space of all degenerate polynomials P : M^*^ ^> M of degree < d is a subspace 
Vdegen of the vector space V{d) of all polynomials P : M^'' — ?• M of degree < d. Denote the 
quotient space by 'P{d) /Vdegen-, by [P\ the equivalence class of P in Vi^d) /Vdegen-, and by 
II • \\nd some fixed choice of norm for this quotient space. In a similar way, let || • ||„c denote 
some fixed choice of norm for the quotient space of polynomials P : M'^'^ — )■ M of degree < d 
modulo constants. 

It will be convenient to work with norms defined by inner products. If -P(x, y) = 
J2a,(5 Cai3x"y'^, then we set 

a,l3 (a,/3)7^{0,0) 

II • \\nd is defined by choosing some Hilbert space structure for V{d)/Vdegen- 

The norm || • ||„c controls oscillatory integrals of the first kind, in light of the following 
version of stationary phase: 

Theorem 1. Let p[t) = X]|„|<rfCat", Cq S M, &e a polynomial in m variables of degree 
d>l. Then 

[ e^^Wdt <CdJ V |c,|^^'^' 



0<|o|<d 



Theorem [T] is a straightforward consequence of the well-known lemma of van der Corput 

On the other hand, the norm || • ||nd controls multilinear oscillatory integrals (in particular, 
oscillatory integrals of the second kind) , as is shown in [5] . The following theorem from [5] 
is most relevant to our discussion: 

Theorem 2. Suppose that n < 2m and d < oo. Then, for any family {Vj}^^^ of one- 
dimensional subspaces of M"^ which lie in general position, there exist constants C < oo 
and e > such that 



\I{P;fu---,fn)\<C{\\P\U~'ll\\fjh. 



i=i 

for all polynomials P : M™ — )• M o/ degree < d and for all functions fj S L^(]R). Moreover, 
e can be taken to depend only on n, m and d. 

1.2. Result. Let {ttj : 1 < j < 3} be a collection of three surjective linear mappings from 
M^" to M'^. We say that these lie in general position if for any two indices i ^ j G {1, 2, 3}, 
the nullspace of ttj is transverse to the nuUspace of ttj . 
In the present paper we prove the following: 
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Theorem 3. Let k > 1 and d < oo. Let {ttj : 1 < j < 3} be a collection of three surjective 
linear mappings from M^'' to R'', which lie in general position. Then 

3 

\I{P;flj2j3)\<C{\\P\U-'ll\\fj\\mM^), 

i=i 

for all polynomials P : M?'^ — )• M o/ degree < d and for all functions fj S L^(]R'^), with 
constants C, e € M+ which depend only on k, d and r]. 

A more general result is established in [1], but we hope that the quite different method 
of the present paper will be of some value. 

If X, y are real numbers, we will write x < y if there exists a finite constant C such that 
X < Cy. The constant C may depend on some parameters which will be clear from the 
context. 

2. First reduction 

It is no loss of generality to restrict attention to the case where M^^ is identified with 
M^ xMJj, and 7ri(x, y) = x, 7r2(a;, y) = y, and irsix, y) = x+y. Indeed, since the nullspaces of 
TTi, 7r2 are transverse, we may adopt coordinates (j;, y) £ W'^^'^ such that the nullspace of vri 
is {(0,y)}, while the nullspace of tt2 is {(x,0)}. Writing ^^{xjy) = Ax + By where A,B : 
R** — > W^ are linear, the transversality hypothesis implies that both A, B are injective. 
Therefore it is possible to make invertible changes of coordinates in M^,M^ so that A,B 
become the identity operator; 713(3;, y) = x + y. Next, TTi{x,y) = Dx for some invertible 
D : M'^ -^ M'^. By making a change of variables in the range of Z), we may achieve 
7ri(x,y) = X. Finally, a corresponding change of coordinates in the range of 712 makes 
T^2(x,y) = y. 

In order to keep the notation simple, we will discuss in detail the case k = 2, then 
will indicate in § [7] how the analysis extends without additional difficulty to arbitrary 
dimensions. 

3. Second reduction 

We will restrict our attention to polynomial phases of the form XP, where A G (0, 00) 
and lli'llnd = 1; for if |lP|lnd = 0, then the conclusion of Theorem[3]is trivial. In particular, 
P will henceforth be assumed nondegenerate with respect to the projections {ttj}^^^. 

In the following lemma, P(a,2^y2)(^i'yi) •" P{xi,yi,X2,y2), and || • \\nd denotes a norm 
on the space of polynomials of degree < d in xi and yi modulo degenerate polynomials 
with respect to the projections (2:1,^1) 1-^ xi,yi,xi + yi. We will sometimes write L(P) as 
shorthand for /(P; /i, /2, /3). 

Let K C ^X2,y2 ^^ *^^ projection of the support of r] onto the (0:2, 2/2) plane. 

Lemma 4. Let P : M^ — ?• R 6e a real-valued polynomial of degree < d. If the polyno- 
mial {xi,yi) 1—7' P{x,y) is nondegenerate with respect to the one- dimensional projections 
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{xi,yi) I-)- xi,yi,xi + yi for some {x2,y2) S I^^; then there exists a constant C < oo such 
that: 

3 

|/(AP;/i,/2,/3)|<C(A sup \\Pi,„y,)\\ndr''ll\\m2, 

for all functions fj € L'^(M?), where a is a constant which depends only on d. 
Proof. We can apply Theorem [2] with m = 2 and n = 3 to conchide that 

Jx2,y2i^P) ■■= e'^^^''''y''^^'y^^fi{xi,X2)f2{yi,y2)f3{xi+yi,X2+y2)v{xi,yi,X2,y2)dxidyi 

J Jr2 

satisfies 

\J.2,y2i>^P)\<C{l + X^\Qix2,y2)\rifii;X2)\\2\\f2i;y2)\\2\\f3{;X2+y2)\\2 
=C{1 + X^\Q{x2,y2W9i{x2)g2iy2)g3ix2 + y2), 

forsomep > depending only on d, where ^^(i) = ||/,(-, t)||2 a,ndQ{x2,y2) = Il-P(x2,y2)(")llnd 
is a polynomial of degree < 2d. 
For e > 0, let 

E,:={{x,y)eK:\Q{x,y)\<e}. 
A basic sublevel set estimate [1] yields 

and some absolute constant C < oo if Q has positive degree. We now split the original 
integral I{XP; /i, /2) /a) into two pieces and estimate each of them separately. On the one 
hand, Holder's and Young's inequalities imply: 

// \Jx2,y2i^P)\dx2dy2 <C gi{x2)g2{y2)g-i{x2 + y2)dx2dy2 

J JEe J Je, 

<C\E,\'/'( ft gl'\x2)gT{y2)gl'\x2 + y2)dx2dy2^'"^ 



<cm"'X{\\9f'''' 



3 

• ||^4/3|| 

3/2 



3 



=C\E,\'"J{\\g,\\2 

3 

<c\\Q\\iL^j,/\{m\2. 



i=i 
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On the other hand, 

// \Jx2,v2i^P)\dx2dy2<C{l + X^eyP gi{x2)g2{y2)g2.{x2 + y2)dx2dy2 

<c{i+\\rpf\\\g,h,^ 
<c{i+\hr''f[m\2. 

If Q has degree zero then the same conclusion is reached more simply, with e replaced by 
1. Thus 

3 

|/(AP;/i,/2,/3)| <c[||Q||^i(^)e^ + (A2e)-''] J]||/,.||2. 

i=i 
Since ||Q||Loo(ii:) = ^^V{x2,y2)&K \\P(x2,y2)\\'nd^ optimizing in e yields an upper bound 

2p<5 3 

|/(AP;/i,/2,/3)|<c(a sup ||P(,,,,,)|Ud) '^'WWfjh- 

(X2,y2) ^ j=i 

D 

4. Third reduction 

The goal of this step is to show that it is enough to consider functions of the form 
fj{ui,U2) = e*'^j("i'"2)^ where (j)j has polynomial dependence on ui of bounded degree and 
is real- valued. 

From the last section, we get the desired decay rate unless P is "almost degenerate" 

with respect to the projections (xi,yi) i-> xi,yi,xi + yi for almost every (x2,y2) S IR^i in 

the sense that 

sup \\P{x2,y2)\\nd < A"^+^ for some r > 0. 
ix2,y2)&K 

We have the freedom to choose r arbitrarily small later on in the argument. 
In this case, one can decompose 

P{x,y) = qi{xi,x2,y2) + q2{yi,x2,y2) + 93(3^1 +yi,x2,y2) + R{x,y), 

for some measurable functions qj and R which are polynomials of degree < d in xi and yi, 
and where the remainder R satisfies 

\R{x,y)\<X-'+^iHx,y)€K' 

for any fixed compact set K' C M^. To justify this, for each integer A; > choose some 
Hilbert space norm for the vector space of all homogeneous polynomials in xi and yi 
of degree k. Write P(^^^^y^){xi,yi) = P{x,y). Express P(x,y) = Y^t=oPk,(x2,y2)i^^^y^) 
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where Pk,(x2,y2) ^^ ^ homogeneous polynomial of degree k in (xi, yi), whose coefficients are 
polynomials in (x2, 2/2) • Now we use two facts implicitly shown in [5]. Firstly, \i p = ^^Pk 
is a decomposition of a polynomial in (xi, yi) into its homogeneous summands of degree A;, 
then ^^ llPfclInd is comparable to ||p||nd- Secondly, \ip{xi,yi) is homogeneous of degree k, 
then for any d> k, the norm of p in the space of all homogeneous polynomials of degree k 
modulo polynomials cXi + c'y\ + c"{xi + yi)'^ is comparable to the norm ||p||nd of p in the 
space of all polyomials of degrees < d modulo all degenerate polynomials of degrees < d, 
where degenerate polynomials are those which are sums of polynomials in xi, polynomials 
in yi, and polynomials in xi + yi. Qualitative versions of these two facts were established 
in [5] ; the quantitative versions stated here follow from the equivalence of all norms in any 
finite-dimensional vector space. 

For each k, the projection Qk,(x2,y2) °^ Pk,{x2,y2) oiito the span of x\,y\, {x\ + yi)^ has 
polynomial dependence on (x2,y2)- Moreover, all coefficients of Pk,{x2,y2) ~ Qk,{x2,y2) ^^^ 
0{X~^^'^) for (x2,y2) G K, and therefore for (x2,y2) in any fixed bounded set. For k > 2, 
Qk,{x2,y2) decomposes uniquely as gi,fc(x2,y2)x5^+g2,fc(a;2, 2/2)2/1 +93,fc(a^2,2/2)(xi+yi)^; these 
coefficients qi^k continue to have polynomial dependence on (x2,y2)- For k = 1 there is 
likewise a unique such decomposition, with the additional condition ^3^^ = 0, and for A; = 0, 
with two additional conditions q2,k = Q3,k = 0. Recombining terms gives the claim. 

Let us use this to work with Jx2,y2 (a similar calculation occurs in p. 15 of [5]): 

Jx2,y2i>^P)= II e^^^(^'^Vi(x)/2(2/)/3(^ + 2/)^(x,y)dxidyi 
7 7R2 

5'^''^("^'"^'^^Vl(^l,X2)e*^''^(^^'"^'^^)/2(2/l,2/2) 

• e*^^^(^^+^i'^^'^2)/3(xi + yi,X2 + y2)e*^Va^i'i2/i 
= // gi{xi)g2{yi)9?.{xi+yi)C{xi,yi)dxidyi 

--C jj [jgi{ii)e''''^^dii)g2{yi)gz{xi+yi) 

C(6,6)e^^"^'^^)(«^'«^)d6rfe3)dxidyi 

--C jjj ?i(ei)C(6,e3)[y 52(2/i)e'^^«^(y"y3(xi + yi)e*"^(«i+«2)cixi)(iyi 

--C ///?i(ei)?2(6 + 6 - iz)M-ii - i2)ai2,iz)diidi2diz. 



d^id^2d^3 



Implicit in this notation is the dependence of the functions gj := e '^^ fj and C, := e rj 
on X2 and y2. 
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Since XR is a polynomial in xi and yi of bounded degree which is 0{X^) on supp(77) and 
the same holds for all its derivatives, we have that 

\m\ < c„,,A"^(i + iei)~", ve e m^, vn g n, 

provided r] G C". In particular, if^ ?/ G Cq (M^), then 

We use this (together with Cauchy-Schwarz and Plancherel) to conclude that 

i3rii- II f ff l?2(6 + 6 -6)l|g3(-6 - 6) 

(1 + 1(6,^3)1)^ 
<CA^^||gi||oo|b2||2||5'3||2- 



Kx2,y2lA/^j| <oA llfifilloo / // n I \(c c \\\3 "a"42«?3 



Let 5 > 3t and consider the set: 

1)2 



F := {{X2,y2) (^^' : WdiWoo < X-'}. 

There are two possibilities: 

(i) If |F I < A^"^, then |/(AP)| < X~^^^^'^' , as is easily seen by splitting the integral 



liXP) = If J,,,y,iXP)dx2dy2 

J Jm.2 



into the regions F and F . 
(ii) If \F^\ > X~\ we set E := F^. Note that ||gi||oo > A"'' for every {x2,y2) G E. 

Since condition (i) yields the desired decay, we restrict attention henceforth to the case 
in which condition (ii) holds. Then there exists a measurable subset ^ C M^ such that 
l-^l ^ ^ "^ ^i^d ll^illoo ^ A"'' for every {x2,y2) G E. We still have the freedom to choose 
5 > as small as we wish later on in the argument. 
Why is this conclusion of interest? Since 

A"' < ll^illoo = sup / e^^'?^(^^'^^'^^)/i(xi,X2)e-"^«dxi 

€ JR 

we can find measurable functions 9 and 9 such that, for (2:2,2/2) G E, 



We lose no generality in assuming this extra smoothness on rj: by the usual decomposition of a compactly 
supported Holder continuous function C, = f + g into a smooth part / such that ||/||c" = 0(A'^"'') and a 
bounded remainder g such that ||.g||oo = 0{\~ ), it is easy to see that if the result holds for some 77 G Cq 
(n £ N) with a constant C — Odl^/Hc ), then it will continue to hold for all 77 which are compactly supported 
and Holder continuous of order a. 
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A-*< 



ie{x2,y2) I f^(xi 2;2)e*''*'^^^'^^'^^'^^^~*'^^^''^^'^^'*dxi. 



Because we are working in a fixed bounded region, there exist a measurable subset 
£^1 C M such that \Ei\ > A^ and a single number y2 ^ ^ such that for each X2 € Ei, 
{x2-,y2) G E. Thus 

^_5 < ^-ie{x2,y2) /"/^(2;i,X2)e^^'?i(^i'^2'^2)-ixi0{x2,j/2)^^^ 

= I /i(xi, X2)e*'^i(^i'^2)dxi if X2 G El 

where 

^Pi{xi,X2) = Xqi{xi,X2,y2) - Xi0{x2,y2) -d{x2,y2) 
is a real- valued polynomial in xi of degree < d, whose coefficients are measurable functions 

of X2. 

We would like to use this to conclude that /i has reasonably large inner product with 
Q-^'Pi ^ "While this is not necessarily true, the following extension argument will prove 
sufficient for our purposes: for every X2 S K, choose 6*{x2) in a measurable way and such 
that 

^ie*{x2) I /^(a;^,x2)e^^i(^i'^2)(ixi > 0. 



We can guarantee that 0* = Q on Ei. 

Define (f)i{xi,X2) := 9*{x2) + (/?i(xi,X2). Then (pi is likewise a real-valued polynomial in 
xi of degree < d, whose coefficients are measurable functions of X2- Now 

/ fiixi,X2)e''l''^''^'''''Uxi > for every ^2 E M 

Jr 

while for any X2 & Ei, 

//i(xi,X2)e^<^^(^i'^^)dxi>A-^ 

Therefore since |-Ei| > A~ , 

Since ||/i||l2 = 1 and /i is supported in a fixed bounded set, 
(2) ||/^_(/^,e-*i)e-'^i||2<(i_cA-4<5). 

Let ^(A) be the best constant in the inequality 

\I{XP;flj2j3)\<AiX)\\fi\\L2\\f2\\L4f3\\L^- 
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That A{X) is finite is an immediate consequence of the dual form of Young's convolution 
inequality and the fact that, in this context, L^ C L'^'^. Now ([2]) implies 

|/(AP;/l,/2,/3)l=|/(AP;/l-(/l,e-^<^0e^**^/2,/3)+/(AP;(/l,e-^^)e-<^^/2,/3)| 

<yl(A)||/i-(/i,e-*^)e-<^Ml2||/2||2||/3||2 + K/i,e-^<^^)||I(AP;e-^^S/2,/3)| 
<(1 - CX-'')'/^AiX) + C\I{XP; e-*^^ , /s, /3)|, 

Therefore 

AiX)<{l-CX-^')'/^A{X) + C sup |/(AP;e-^S/2,/3)| 

0lj2,/3 

where the supremum is taken over all functions /2,/3 supported in the specified regions 
satisfying ||/j||2,2 = 1, and over all real-valued functions cj}i{xi,X2) which are polynomials 
of degree < d with respect to xi, with coefficients depending measurably on X2- Since 
^(A) < oo, it follows that 

(3) ^(A)<CA'^'^ sup |/(AP;e-*^S/2,/3)|. 

Therefore it suffices to prove that 

|/(AP;e-^<^S/2,/3)| < CA-^||/2||lHI/3||l2 

for a certain e > 0; for 6 may then be chosen to equal e/5. 

By repeating the above steps for §2 and 53, we conclude that it suffices to prove that 
there exists e > such that 

(4) \I{XP;e'^\e'^\e'^^)\ < CX'^ 

uniformly for all A > 1, all polynomials P satisfying ||P||nd = 1) a-nd all real- valued 
measurable functions cj)j{ui^U2) which are polynomials of degree < d with respect to ui. 

5. Handling remainders 

In the last section we have reduced matters to the case where the fj are of the special 
form 

fi{xi,X2) = e*<^i(^i'^2) 

f3{xi + yi,x2+y2) = e^'^3(xi+?/i,x2+y2)_ 
where (pj are partial polynomials in the sense described following ^. Express 

cl)l{xi,X2) = Y^'j=o^l,j{x2)x{ 

4>2{yi,y2) = Efc=o^2,fc(y2)yi 

(f^zixi + yi,x2 + 2/2) = J2f=o 03,1(^2 + y2){xi + yi)' 
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where 9ij, 02, fc, ^3,1 are measurable and real-valued. Also express P{x, y) = ^ • i^Pjk{x2^y2)x\y\. 
Then 



I{XP;hj2,h)= II e'^''e''^^e'^'e''t'--^vdxdy 



e'^jM'l'3k{^^,y2)<y1^dxidy^dx2dy2, 



where 

V'ifc(x2,?/2) = | q'--'^ ^' .f^^Q j + l o'''^^'^ .f^._^o | + (^' ^ j03j+fe(x2+y2)+Ap,fc(x2,y2) 

The desired bound \I{XP;e''i'\e''i'\e''i''')\ < CX'^ follows directly from Theorem [H un- 
less there exists a measurable subset i? C M^ of measure l-E] ^ A~ such that 

(5) Yl \^jk{x2,y2)\<X^, y{x2,y2)eE. 

We may choose 5, r > to be as small as may be desired for later purposes, at the expense 
of taking e sufficiently small in (j3|) . 

The proof of the following lemma will be given later. 

Lemma 5. Let P : 'M? ^ R be a real vector-valued polynomial of degree d, and let 
f,g : [0,1] — )■ M^ be measurable functions. Let E C [0,1]^ be a measurable subset of the 
unit square of Lebesgue measure \E\ = e > 0. Assume that 

(6) \f{x) + g{y) + P{x,y)\ < I for all ix,y) e E. 

Then there exist W -valued polynomials Qi and Q2 of degrees < d and measurable sets 
Ei,E2(Z [0,1] such that 

\f{x)-Qi{x)\ <e-^forx£Ei 
\9{y) - Q2{y)\ < e-^ for y € E2 
\Ei\ >ce, 1^2! >ce. 

The constants c,C (z M+ depend only on d. 

The phase estimates ([5]) , together with Lemma O allow us to control most of the terms 
9i. Letting A; = 0, we have that 

\'^jQ{x2,y2)\ = |6'l,j(x2) +0'ij{x2 + y2) + Xpjo{x2,y2)\ < X'' 

if 1 ^ J ^ rf and (2:2, ^2) £ E. Since |ii^| > A~ , Lemma [5] implies that, for every 1 < j < d, 
there exists a real-valued polynomial (5i,j of degree < d such that 

\X-'-0i,{x2)-Qi,{x2)\<(X-'r'' 

whenever X2 S Ei; here, i^i C M is a measurable subset which does not depend on j and 
such that \Ei\ > A~ . A similar conclusion can be drawn for each of the terms ^3^; with 
1 <l < d. Choosing j = we control the terms 02, fc for 1 < A; < d in an analogous way. 
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We conclude that, for every 1 < j,k,l < d, 

0i,j{x2) = Qi,j{x2) + Rij{x2) 

02,k{yi) = Q2,k{y2) + R2,k{y2l 

d3,l{x2 + 2/2) = Q3,l{x2 + ^2) + R3,lix2 + ?/2) 

where Qij, Q2,k and Q3,i are polynomials of degree < d, and the remainders satisfy 

\Rljix2)\ < X" iiX2£Ei, 

l%/c(?/2)|<A'^ ify2e^2, 

\R3AX2 + y2)\ < X'^ ifx2 + y2G^3, 

for certain measurable subsets i^i, £'2, -E-s C ffi which satisfy 

The parameter /3 := r + C5 is a function of r, 5 and the constant C = C{d) from Lemma 

We have estimates for the remainders Ri in rather small sets only, but it is possible 
to reduce to the case in which these estimates hold globally, via an extension argument 
similar to the one used in the previous section. Set Qi{x) = Ylij=i Qi,j{x2)x'i and Ri{x) = 

X^7=i -Rij(^2)a^i- By modifying each Rij suitably at each point of the complement of 
-El, we produce a function $1 = Oi^ + Qi + Ri such that Oi^ is a measurable and real- 
valued function of X2, Qi{x) is a polynomial function of x € M^ of degree < d, i?i(xi,X2) 
is a polynomial in xi of degree < d whose coefficients are measurable functions of X2, 
|i?i(x)| < A'^ for every x S M^, all functions are real- valued, and 

(7) (e*,e**^)>A-^ 

By the same argument used to reduce from general fj to e*"*"^ in ([3]), 

(8) ^(A)<A^^ sup j/(AP;e^*^e^'^^e^<^«)| 

where the supremum is taken over all <l>i, 02, 4'3 of the above form. This argument can be 
repeated twice more to give 

(9) ^(A)<A^^ sup |/(AP;e^*^e**^e^*^)| 

'I'l,"I'2,'I'3 

where each of the functions <&i shares the properties indicated above for <l>i. 

Now 



jMp. g«*i g«'i"2 gi'I'3^ _ 1 1 ^iSi,o{x2)^ie2,o{y2)^ie-j,fi{x2+y2) 

^rXP(x,y) g^Ql (x) ^iQ^ {y) ^^Q■, (x+y) ^i{R, {x)+R2 (y)+R, {-+y)),^dxidyi) dx2dy2 . 
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Let P:=P + A-iQi + A-^Qa + A^^Qs- Since [P] = [P], \\P\\nd = \\P\\nd- We are left 
with: 

where all functions in the exponents are real-valued, P is a polynomial of degree < d such 
that lli^llnd = ||-P||nd = 1) the Oj^Q and the Rj are measurable functions, and the remainders 
Rj{ui,U2) are polynomial functions of ui of degrees < d, which satisfy |i?j(n)| < A'^ for all 
u eM^. 

6. The end of the proof 
Decompose 

(10) P = Po + P* where ^0(^:2,^2) = -P(0,0,X2,y2) 

and P* = P- Pq. 
Since 

-^00(2:2, 2/2) = APo(2;2, 2/2) + 6'i,o(x2) + 6*2,0(^2) + 6'3,o(2;2 + 2/2), 
we can write 

(11) I{XP) = f f e'^^^^'^^'y^H /"/"e^^^*(^'3')e*(^i(^)+^2(^)+-^^(^+3'))7?(ixi(iyi)d2;2(iy2. 

Our main assumption, namely that P is nondegenerate with respect to the projections 
{tTj}^^^, has not yet come into play. To apply it, we need a lemma: 

Lemma 6. For any d £ N there exists c > with the following property. Let P : M — )> M 
be any real-valued polynomial of degree < d. Decompose P = Pq + P* as in (jlOp . Then 



2 



1 P* II 

K(X2,J/2)II"C 



, , + \\Po\\nd > c\\P\\nd- 
V{d) 



The expression ||Po||nd in this lemma has two natural interpretations, but these define 
the same quantity since 

(12) min \\Po{x2,y2) +Pi{xi,X2) +^2(^1,^2) +^3(2:1 + yi,X2 + y2)\\v(d) 

deg(pi)<d 

= min \\Po{x2,y2) + qi(.x2) + q2{y2) + q3{x2 + y2)\\vid)- 

<ieg{qij<d 

The two inequalities implicit in this equality are obtained by setting qj{t) = pj{0,t), and 
by setting Pj{ti,t2) = qj{t2), respectively. 

Proof. The left-hand side defines a seminorm on the finite-dimensional vector space of 
polynomials of degrees < d modulo degenerate polynomials, so it suffices to show that if 



I P* II 



vanishes then P* is degenerate, and correspondingly for Pq. For Pq this 
is a tautology, in view of (fT2]) . On the other hand, P*{x,y) = J2(i k)^(oo) qj,k{x2,y2)x\y\ 
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where qj^k are uniquely determined polynomials, and ||P, 

Qji^ = for each j, k. Thus P* = 0, so in particular, P* is degenerate. 



{x2,y2)'''^'^ 



V{d) 



if and only if 

D 



Therefore there exists a constant Cd > such that 



\P, 



(a;2, 2/2)11"'^ 



rid) 



> CdOT \\Po\\nd > Cd- 



6.1. Case 1: 



/(AP).//, 



I P* II 

I {x2,y2)''"-'^ 



rid) 



> Cd. We have that 



,ii\Poix2,y2)-^8T_fiix2)+d2fiiy2)+di,oix2+y2)) 



giAP*(x,?;)gi(/?i(x)+iJ2(y)+iJ3(x+y))^^^^^y^U^2^y2, 



where by Theorem [H the absolute value of the inner integral is 

^ (-^ll-^(x2,3/2) + ^~^-^l,(a'2) + ^~^^2,{j/2) + ^~^ ^■i,ix2+y2)\\ncT^''^ ■ 

Since \Rj\ < A" and /3 < 1, we have that, if A is large enough, then 

11-^(^2,2/2) + '^ -Rl,(a::2) + ^ -^2,(3/2) + '^ -^3,(x2+S/2) lUc > ||-P(*a;2,3/2) 11"^ 

for every {x2,y2) £ I^^- We conclude that the absolute value of the inner integral is 



(Aii^;. 



{x2,3/2)li"c; 



-1/d 



If (^2,^2) G IK^ is such that 



I P* I 

I (a:2,J/2) 11"'^ 



> A ^"^ for some r > 0, 



we get the desired decay. Otherwise, observe that (i) implies a sublevel set estimate of the 
form 

\{ix2,y2) G M^ : ||P(;,,,,)|U. < A-i+^}| < (A-i+0'- 

Therefore the contribution of the set of such points (^2,^2) to the integral is small, and 
this concludes the analysis of Case 1. 

6.2. Case 2: ||Pol|nd ^ Q- By Fubini, 



I(XP\ = III II (J-^[Poi^2,y2)+P''ix,y)] 



. e'i^-i-.0+Rl,(^j^))ix2)^iie2,0+R2,(yi))iy2)^iie3,0+R3,(xj^ + y^))i^2+y2)^^^^^y\^^^^y^ 



By Theorem [21 the absolute value of the inner integral in the last expression is < (1 + 
A^IIPq + -P(*,j y,)\\ld)~^^ fo^ some p = p{d) > 0. It follows that 
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To handle this integral, note that P*(0, 0, X2,2/2) = and hypothesis (ii) together imply 
that 

|{(xi,yi)GM2:||Po + P(;„,,)||L<e}|<6^ 
because {xi,yi) \-^ \\Po + P.*^ n ||^^ is a polynomial of degree < 2d. An argument entirely 
analogous to the one used to prove Lemma H] concludes the analysis. 

7. Higher Dimensions and Generalization 

So far, we have only discussed the case where the domain of P is M^, but M^*^ for k > 2 is 
treated in essentially the same way. Now write x = (j;', x^), y = {y' iVk) where x' ,y' G M'*"-^. 
The proof proceeds by induction on k. The only significant change in the proof is that in 
Case 2 of the final step of the proof, since M''"^ is no longer M^, Theorem [2] does not apply; 
instead, one simply invokes the induction hypothesis. 

Our result may be generalized to include arbitrary smooth phases and not just polyno- 
mial ones. The details are a straightforward modification of those in [6] and will therefore 
not be included. 

8. Proof of Lemma [5] 

It remains to prove Lemma [5l The proof will rely on the following related, but simpler, 
result. Let X be a normed linear space. We write \x\ to denote the norm of a vector in X. 

Lemma 7. Let Vt^Vl' he probability spaces with measures /i, /u', and let f,f' be X -valued 
functions defined on these spaces. Let < r < 1 and R G (0, oo). Let E C 0, x 0,' satisfy 
{/J. X IJ,'){E) > r. Suppose that 

\f{x) - f'{x')\ < R for all {x,x') G E. 
Then there exist a (z X and G C ^,G' C 0,' such that 

/i(G) > cr 

fJ-'{G') > cr 

\f{x) -a\<CR for all x e G 

\f'{x') -a\<CR for all x' G G' . 

Here c, G are certain absolute constants. 

Proof. \E\ will denote (/i x fi'){E). Let vri : x $7' — ;> O and 7r2 : O x (7' — ;> Q' denote the 
canonical projections. For x G vri(£') and x' G tt2{E), consider the slices 

E'-" := {x' G fl' : (x, x') G E} 
E""' :={a;GO: {x,x') G ^}. 

By Fubini, E^ is /i'-measurable for /x-a.e. x and E'^ is /i-measurable for /i'-a.e. x' . 
Claim. There exists {xq,x'q) G E such that 

G := E^o c r2 is //-measurable and //(G) > cr 
G' := E^° C Vt' is //'-measurable and f^{G') > cr. 
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Assuming the claim, we have that: 

\f{x) — /'(xq)| < R for every x G G, 

\f{xo)-nx',)\<R 

|/(xo) - f'{x')\ < R for every x' G G' . 

Let a := -^(^"^y'^^o) . Then, for any x G G, 

\f{x) -a\< \f{x) - /'(x'o)l + \f'{x'o) -a\< ^R, 

and similarly for x' G G'. 

To prove the claim, start by assuming that E''^ and E^ are measurable for every (x, x') G 
E. Express E^ as a disjoint union E = G U B, where 

g = {{x,x') G E : fi'iE'^) > I and /u(E"') > ^} 

e = Si U ^2 := {(x, x') G ^ : ^'(^^) < |} U {(x, x') e E : ^(S^') < |}. 

We prove the stronger statement \Q\ > 0. Suppose on the contrary that \E\ = \B\. Then 

r<\E\ = \B\ = \Bi U S2I < l-Bil + |^2|, 



whence |i3i| > § or JS2I ^ §• Without loss of generality assume that the former holds. 
Then 

< \E\ - -. 

But then, defining 5i := {x G tti^E) : /i'(-E) > |} and 52 := tti{E) \ Si, we have that 



{ix,x')eE:^^'{E^)>^-} 
{xeTTiiE) : fi'{E) > |} anc 

1^1 = / /i'(^^)d^(x) = / /i'(^^)d/i(x) + / fi\E'')dn{x) 

Jtt, (E) JSi J So 



'iTiiE) JSi JS2 

-y ' 2/4' 

a contradiction. D 

Proof of Lemma O Let A be the norm of P in the quotient space of M -valued polyno- 
mials of degree < d modulo degenerate polynomials with respect to the pair of projec- 
tions {x,y) I— >■ X and (x,y) 1— t- y. It is well known [8] that a decay bound of the form 
([T|) holds for these projections, that is, for any d there exists p > such that for any 
compact sets K,K' C M there exists C < 00 such that \ f^2 g^'^^^'^' f{x)g{y) dx,dy\ < 
C(l-|- ||Q||nd)~''||/||2|bl|2 for all functions f,g supported on K,K' respectively, for all real- 
valued polynomials Q of degree < d. This in turn, applied to the individual components 
of P, implies a sublevel set inequality of the form 

where G^ = j^, G is an absolute constant, and 7 depends only on d; see for instance the 
discussion in [3] for the simple derivation. 
SoA< C^e-i/^, that is, 



-'7^ 



inf sup \P{x,y) — p(x) — q{y)\ < G^e '^''^. 
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The inf is actually a minimum, so there exist polynomials p and q of degree < d such that 

sup \P{x, y) - p{x) - q{y)\ < C^e~^^^. 

(x,y)G[0,l]2 

In particular, for (x, y) G E, we have that 

\if{x)+p{x)) + {g{y) + q{y))\ <\f{x)+g{y) + P{x,y)\ + \p{x) + q{y) - P{x,y)\ 

Apply lemma [3 to conclude the existence of a € C and Ei C [0, 1] such that |£^i| > | and 

\f{x)+p{x) -a\< CyC-^/"' = Cy\E\-^/^ for every x G Ei. 
Proceeding similarly for g + q completes the proof. D 
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